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Abstract 

We consider embeddings between infinite graphs. In particular, We establish that 
there is no universal element in the class of countable graphs into which the random 
graph is not embeddable. 
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1 Introduction 

R. Diestel, R. Halin and W. Volger [1, Theorem 4.1] prove that certain class 
of countable graphs has no universal element as to weak embeddability. This 
result is misleadingly referred to in the context of strong universality ([3, The- 
orem 3.3], [2, Theorem 1.6]). We exhibit a parallel construction in such an 
interpretation. 

We regard a graph G (undirected, without loops or multiple edges) as the pair 
{V{G), r^c) of its vertex set and adjacency relation. We denote by "embed- 
ding" an isomorphism onto an induced subgraph, a strong embedding, and 
"universal" is as to such embeddings. 

For an infinite cardinal A and a graph G, let ForbA(G) and Forb™'^(G') denote 
the class of graphs of size A not containing G as a subgraph and as an induced 
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subgraph, respectively. The random graph i? is a universal element among all 
countable graphs. Modifying the proof of [2, Theorem 1.7], we show that no 
family T with Yoy\)\{P^ Q ^ Q Forb™'^(i?) has a universal element, where 
is the path of length uj. 



2 Construction 

We define (up to isomorphism) posets {T^, <«) inductively on ordinal a such 
that (Tq, <q,) is the disjoint union of each copy of (T/j, Kp) for /3 < ct together 
with an element above them all. Then each chain in Tq, is finite. Let : — > 
a + 1 and : ^ u; be the rank functions of (T^, <«) and of the reverse 
order (T^, >a), respectively. 

For a countable graph G — {u>, ~g;) and an ordinal a, let Ga denote the graph 
{Ta, ~a) such that for u,v E T^, 

u V u and v are <a-comparable and da{u) ~g da{v). 

Theorem 1 Let A be an infinite cardinal, G a countable graph and H a graph 
of size X. If Ga for every (or, equivalently, unboundedly many) o; < A"*" embeds 
into H, then so does G. 

PROOF. For s G '^'^V{H) and ^ < A"*", we define a function to be an (s,^)- 
embedding if it embeds some G^ for ^ < a < into H such that whenever 
s — {vq,Vi, Vn) 7^ (), by identifying Ga with its image, 

{vo,Vi, ...,Vn} C V{Ga), 

(Vi < n){da{vi) = i), 

(Vi,j < n){vi and Vj are <a-comparable), 

TaiVn) > 

Set 

U^{se <^V{H) : (V^ < A+)(an (s, ^-embedding exists)}. 

Since every Ga for a < A"*" embeds into H, we have () e U. By the pigeonhole 
principle, for each s E U there exists v e V{H) such that s^v e U. So we can 
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choose a sequence (f„ : n < uo) with each finite initial segment in U. Then the 
mapping n i— > v„ embeds G into H. □ 

Note that Ga e ¥orhx{Puj) for A < a < A+. 

Corollary 2 The complexity, or cofinality, of a class between ¥oihx{P^^) and 
¥or\}^'^{R) is at least A+. So there is no universal graph in it. □ 
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